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The symmetry principle is perhaps the most important ingredient in the
development of high energy physics. Roughly speaking, the symmetries of the
physical system lead to conservation laws, which give many important relations
among physical processes. Many of the symmetries in Nature are however ap-
proximate symmetries rather than exact symmetries and are also very useful in
the understanding of various phenomena in high energy physics. Among the
broken approximate symmetries, the most interesting one is the Spontaneous
Symmetry Breaking (SSB) which seems to have played a special role in high
energy physics. Many important progress has come from the understanding of
the SSB. The SSB is characterized by the fact that symmetry breaking shows up
in the ground state rather than in the basic interaction. This makes it dicult
to uncover this kind of approximate symmetries. Historically, SSB was rst dis-
covered around 1960 in the study of superconductivity in the solid state physics
by Nambu and Goldstone.
1,2
One of consequences of SSB is the presence of
the massless excitation,
3
called the Nambu-Goldstone boson, or just Goldstone
boson for short. Later, Nambu
1
applied the idea to the particle physics. In com-
bination with SU (3) SU (3) current algebra, SSB has been quite successful in
the understanding of the chiral symmetry in the low energy phenomenology of





that in the context of gauge theory, SSB has the remarkable property
that it can convert the long range force in the gauge theory into a short range





then applied this ideas to construct a
model of electromagnetic and weak interactions. The signicance of this model
was not realized until t'Hooft
10
show in 1971 that it was renomalizable. Since
then this model has enjoyed remarkable experimental success and now called the
\Standard Model of Electroweak Interactions".
11
Undoubtedly, this will serve
as benchmark for any new physics for years to come.
In this article I will give a simple introduction to the spontaneous symmetry
breaking and its application to chiral symmetries in the hadronic interaction.
The emphasis is on the qualitative understanding rather than completeness and
mathematical rigor. Eventhough SSB has been quite successful in explaining
many interesting phenomena, its implementation in the theoretical framework
is more or less put in by hand and it is not at all clear what is the origin of SSB.
Here I will also discuss some non-relativistic example where the physics is more
tractable in the hope that they might give some hints about the true nature of
SSB. Maybe good understanding of SSB might extend its applicability to some
new frontier.
II. SU (2) SU (2) -Model
The -model has a long and interesting history. It was originally constructed




Later the spontaneous symmetry breaking and PCAC (partially
conserved axial current) were incorporated.. Eventhough this model is not quite
phenomenologically correct it remains the simplest example which realizes many
important aspects of broken symmetries. Even though the strong interaction
is now described by QCD; the -model of pions and nucleons is still useful
as an eective interaction in the low energies where it is dicult to calculate
directly from QCD: In addition, the -model has also been used quite often
as a framework to test many interesting ideas in eld theory and string theory.
Here we will discuss the most basic features of the -model.

































































) is the isotriplet pion elds,  is the isosinglet eld, and
N is the isodoublet nucleon eld. To discuss the symmetry property, it is more

































































































































































and is not invariant. One way to construct invariant nucleon mass term is to


































is invariant. This will give same mass
to both doublets and is usually called parity doubling. As we shall see later,
another way to give mass to nucleon is by spontaneous symmetry breaking which
does not require another doublet.
















is the innitesimal change of the elds under the symmetry transfor-







































































































































































































































































Remark: Another way to describe the symmetry of the -model is the O (4)
symmetry, which is isomorphic to SU (2) SU (2) locally and is characterized



















































is just the length of the vector 
i
and is clearly































Thus we see from Eqs(6,8) that the parameters
!
 correspond to vector trans-
formations and
!
 the axial transformation.
A. Spontaneous Symmetry Breaking















































which is a 3-sphere, S
3
in the 4-dimensional space formed by the scalar elds.
Each point on S
3
is invariant under O (3) rotations. For example, the point
(0; 0; 0; v) is invariant under the rotations of the rst 3 components of the vector.
Then, after a point on S
3
is chosen to be the classical ground state, the symmetry
is broken spontaneously from O (4) to O (3) : Note that dierent points on S
3
are related to each other by the action of those rotations which are in O (4) but
not in O (3) : These rotations are usually denoted by O (4) =O (3) :(This is called
the coset space.). Thus we can identify 3-sphere with O (4)=O (3) :
For the quantum theory, we need to expand the elds around the classical
values








; where <  >= v (16)
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s are massless and N 's are massive.
Remark:If we had made another choice for VEV,e.g.
< 
3




>=<  >= 0
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unbroken SU (2) algebra.
There are several interesting features worth noting:
(1)
!
 's are massless. This is a consequence of the Goldstone theorem which
states that spontaneous symmetry breaking (SSB)of a continuous symmetry will
give massless particle or zero energy excitation. This theorem will be discussed
in more detail in next subsection.
















symmetric the spectrum is only SU (2) symmetric. This is
the typical consequence of SSB. In some sense, the original symmetry is realized
by combining the SU (2) multiplet, e.g. N ,with the massless Goldstone bosons




: This, as we will discuss later, is
the basis of the low energy theorem.









+    (18)










Using this matrix element in  decay, we can identify the VEV v with the pion
decay constant f







to a massless pole.











and the mass term
gvNN is the result of the spontaneous symmetry breaking . Since these terms
have dimension 3, they are usually called soft breaking, in contrast to the di-
mension 4 hard breaking terms.
(5)In the scalar self interaction, quartic, cubic, and quadratic terms have
only 2 parameters, ; : This means that these 3 terms are not independent,
and there is a relation among them. This is an example of low energy theorem
for theory with spontaneous symmetry breaking.
B. Low energy theorem
The SSB leads to many relations which are quite dierent from the usual
symmetry breaking. The most distinct ones are relations among amplitudes
involving Goldstone bosons in low energies. As we have mentioned before, these
relations are consequence of the fact that Goldstone bosons are massless and
can be tagged on to other particles to form a larger multiplet. Since Goldstone
bosons do carry energies, this is possible only in limit that Goldstone bosons
have zero energies.












) +  (p
4
)
The tree-level contributions are coming from diagrams in Fig1,
Fig 1 Tree graphs for  scattering
7














































































= 0; we get s = u = m
2







































































In the soft pion limit, p
i










(s+ t+ u)! 0: (23)
This is the same as the limit, m
2

! 1; because soft pion means pion mo-
mentum much smaller than m
2

: These are simple examples of the low energy
theorem which says that physical amplitudes vanish in the limit where myomata
of Goldstone bosons go to zero.
In examples above, the vanishing of these amplitudes results from some can-
cellation among dierent contributions. Since this is a general property of the
Goldstone boson, there should be a better way of getting this. It turns that
one can change the variables representing the scalar elds such that Goldstone
bosons always enter with derivative coupling. Then the vanishing of the ampli-
tudes involving Goldstone boson is manifest. This can be accomplished by the
eld redenition which we will now describe briey(
?
). Suppose we start from
a Lagrangian with eld  and make a transformation to a new eld ; with the
relation,
 = F ()
where F ()is some power series in :If we impose the condition that F (0) = 1;
the free Lagrangian for  will be the same as that for : Then according to
a general theorem valid with rather weak restrictions on the Lagrangian and
F () ; the on-shell matrix elements calculated with  elds and with  elds
8
are the same. We will use this eld redenition to write the Goldstone boson




































which is just the O (2) version of the -model without the nucleon. As before ,
the SSB will require the shift of the -eld, as in Eq(16) and  eld is massless



























;  is some constant .Now








































This clearly shows that  (x) is massless and has only derivative couplings. This
follows from the fact that the U (1) (or SO (2)) symmetry ! e
i
; corresponds
to  !  + v; which is inhomogeneous. So  (x) needs to have a derivative in
order to be invariant under such inhomogeneous transformation. Note that this







But this Lagrangian will be used only as an eective theory to study the low en-
ergy phenomenology while the renomalizability deals with high energy behavior.
C. Goldstone Theorem
From Eq(17) we see that the pions
!
 are massless. This is a consequence of
the Goldstone theorem which states that spontaneous breaking of a continuous
symmetry will give a massless particle or zero energy excitation. We will rst
illustrate this by showing that quadratic terms in
!
 are absent in the tree
level as a consequence of spontaneous symmetry breaking of the original chiral


























Dierentiating Eq(28) with respect to 
k
and then evaluating this at the mini-



















v; we see that in the expansion of V around the
minimum,  = v; 
i











=    v: Therefore 
0
i
s are massless in the tree level. We can extend this
to more general case where the eective potential is written as V (
i
) : This





























j  1 are the parameters for the innitesimal transformations and
t
a
matrix for the representation where 
i

























Dierentiating Eq (31) with respect to 
k

















































with zero eigenvalue(massless). Thus the number of massless Goldstone bosons


























is the Goldstone boson, up to a normalization constant.
These arguments only show that
!
 's are massless in the tree level. It turns
out that this property is true independent of perturbation theory and can be
























 are just the momenta conjugate to 
i











 (0) : (37)












< 0j (0) j0 > : (38)
For the case of SSB, we have
< 0j (0) j0 >6= 0 (39)
Note that this condition implies that the axial charges Q
5
i































































This has explicit dependence on t; while the right hand side, < 0jj0 >; is
independent of time. The only way these two features can be consistent is to








This is the content of the Goldstone theorem. For the relativistic system, the










:Then Eq (41) implies the
existence of massless particle in the system. More specically, there are physical
states j
l











and are massless from Goldstone theorem. It is convenient to choose the nor-

























For the non-relativistic system Eq(41) simply says that the dispersion relation
E (p)has zero energy excitation.
D. Non-linear -model
In the -model without the nucleons, we have 3 massless 's and a massive 
eld. For the energies much smaller than m

; the massless Goldstone bosons are
11
the important physical degrees of freedoms and it is desirable to write down an
eective theory with 's only. As we have seen, the theory with SSB has many
physical consequences, e.g. low energy theorem for the Goldstone bosons. The
removal of -eld should preserve symmetry so that these results are maintained.
Also, phenomenologically there are no good evidence for the existence of the 
meson which is the partner of 
0
s in the chiral symmetry. We now discuss the





















We want to parametrize the  elds in such a way that the non-Goldstone eld






(x) s (x) ; i = 1;   4 (45)
where R
ab

















So s (x) is the magnitude of the vector 
i
and is clearly O (4) invariant. Thus it

















































































s are the massless Goldstone bosons. To study the physics of Goldstone
bosons at low energies, E  m

, we can replace the s eld by a constant,











































































+       (51)
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s will vanish in the limit of zero momenta (low energy theorem).
According to the theorem of eld redenition, this describes the same physics
as the usual -model Lagrangian in the Goldstone sector. For example, we can




scattering in the tree level the amplitude





















(s + t+ u) : (52)
This is the same result as in Eq(23 ), obtained in the -model with m

!1:
The Lagrangian in Eq (51) which contains on the Goldstone boson elds, is
one example of non-linear realization of chiral symmetry, which will be discussed
in detail in the next section. Here we want to mention a useful geometric
interpretation of Lagrangian in Eq (51). When we eliminate the O (4) invariant
eld by setting s (x) = v , 
0
i
























are just one particular choice of the coordinates
of the space S
3
: The transformation of Lagrangian from  elds to  elds can
be understood in terms of metric tensor in S
3
: For simplicity, consider just the










































































































is the induced metric on S
3











is the metric of the space S
3
; which is just the coset space O (4) =O (3) : In the
general case where the symmetry breaking is of the form, G! H; the non-linear
Lagrangian can be written down with the metric on the manifoldG=H as in Eq
( 54).
It is interesting to see how the transformations of SU (2)SU (2) are realized
on this manifold S
3







;  = 0  : group parameters (56)
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This is just a rotation on the vector
!
 and the Lagrangian in Eq(??) with
metric given in Eq(55) is clearly invariant under such transformation. The axial
transformation on
!

































This transformation is non-linear and inhomogeneous.. But we can get simple



























This looks very much like an isospin rotation except that the parameters for the
rotation now depend on the elds  and it is easy now to see that the Lagrangian
in Eq(54) is invariant under the axial transformations.
Remark: We can transform the metric in Eq(55) into the more familiarRobertson-
Walker metric used in cosmology as follows. First we use the spherical coordi-
nates for
!
























































which is just the usual Robertson-Walker metric for the case of positive curva-
ture.
III. Non-linear Realization
As we have seen in the last section, it is useful to write down a Lagrangian
with only Goldstone bosons as an eective theory to describe physics at low
energies. In this section we will discuss the general description of this proce-
dure, which is usually called the non-linear realization. The usual discussion of
14
this subject is generally rather formal and abstract. The discussion here will
emphasize the intuitive understanding rather than the mathematical rigor.
In order to make the discussion here somewhat self contained, we will rst
discuss some simple results from group theory (
17
) which are useful for the
understanding of non-linear realization. Then we discuss the general features of
non-linear realization.
A. Useful results from group theory
Here we will recall the rearrangement theorem which is central to most of
the group theoretical result and then discuss the concept of coset space which
forms the basis of the non-linear realization.
(i)Rearrangement Theorem
Let G = fg
1
;   g
n
g be a nite group. If we multiply the whole group by an










g; the resulting set is just the group
G itself.
(ii)Coset space
Coset space decomposes a group into non-overlapping sets with respect to a




g be a non-trivial subgroup of G. For any element
g
i
in G but not in H, the left coset g
i











H will not have any element in common with the subgroup H; and
any two such cosets are either identical or have no elements in common. This




H: Suppose that there is









for some i; j
















is one of the element of subgroup H: Then by the rearrange-











i.e. these two cosets have the same group elements. The group G is now de-
composed into these non-overlapping cosets and the collection of all the distinct
cosets g
1
H;   g
k
H; together with H; will contain all the group elements of G:
This is denoted by G=H: This can be generalized to Lie group where rearrange-
ment theorem is valid.
Example of coset space: Consider points on 2-dimensional plane which form a


















Clearly, points on the y-axis, (0; y) ; form a subgroup, denoted by H: Then
the vertical line of the form, (a; y)with a xed is a coset with respect to the
15
subgroup H: It is clear that the whole 2-dimensional plane can be decomposed
into collection of such vertical lines. We can label these cosets, vertical lines, by
choosing one element from each coset. Clearly there are many ways to choose
such representatives. One convenient parametrization is to choose those points
on the x-axis, so that the cosets are of the form x
i
H: Each group element (x; y)
can be written as the product,
(x; y) = (x; 0)  (0; y)
where (0; y) 2 H: Under the action of an arbitrary group element g = (a; b) this
will give
g (x; y) = (a; b)  (x; y) = (a; b)  (x; 0)  (0; y) = (a+ x; 0)  (0; b)  (0; y)
= (a+ x; 0)  (0; b+ y)
(the computation here is organized in such a way that it parallel to the more
complicate case in the non-linear realization.) Thus the group element g = (a; b)
will move the points in the coset xH to points in the coset (a+ x)H: In terms
of coset parameters, we have
g : x! x+ a:
B. Non-linear Realization of Symmetries
We will rst discuss the general machinery of non-linear realization (
1415
)
and then take up the special case of chiral symmetry where the parity symmetry
will make the realization much simpler..
1. General case
Suppose the symmetry group G is spontaneously broken to a subgroup H:
where both G and H are Lie groups. Choose the generators of G to be of the
form fV
1










; : : :V
l
; g are the generators of













; : : : ; 
l
; are the group parameters for H and are taken to be real.
















;   
l






H: Note that since























 also labels the dierent vacua, which are degenerate. Recall that the
dierent vacua form the manifold G=H: Thus the coset parameters are also
the parameters for the manifold G=H: Under the action of an arbitrary group
element g
1












































































































































for the subgroup H;all





























In this way, the group element g
1






in the coset space G=H: As we will see later, these coset parameters will be





induced by the group elements will have the same group properties as the group
elements and are called the non-linear realization of the group. This is in
contrast to the usual representation of the group where group elements are




is generally not a
linear function of
 !
 : But for the special case where g = h is a group element

































































In general, the broken generators
!
A
transform as some representation D with





























































This means that 
0
i
s transform linearly under the subgroup H: Also it is easy
to see that the parameters
!
 are independent of the coset parameters 
i
. But








the transformation law for the coset
parameters  is non-linear and quite complicate.
2. Chiral symmetry
For the case of chiral symmetry, there is signicant simplication due to






























































Under the parity transformation, the left-handed transformation is changed into
right-handed one,














































































depend on the coset
parameters
 !
 ; the transformation law for  here is non-linear because the




. However, the combination U = 
2








Since L;R are independent of the coset parameters
 !
 ;this transformation law
is linear and will be useful for constructing Lagrangian.
We are interested in the cases where spontaneous symmetry breaking is
generated by the scalar elds. Some of these scalar elds become the massless
Goldstone bosons, like the pions in the -model and others remain massive,







































Suppose we make a very general assumption that from a given point in -space
we can reach any other point by some group transformation.(Space is transitive).



































for some g 2 G (85)
Remark:Strictly speaking we should use the representation matrices D (g) of the
group element g rather than g itself. However for simplicity of notation, g here














Here we have chosen coset parameters to be the pion elds. Then we can write
the scalar elds as
























































where we have used the fact that the vector (0; 0; 0; ) is proportional to the vac-







Since the Goldstone bosons are identied as the coset parameters, they trans-
form the same way as
!

























































Remark: The scalar elds here have property that after separating out the
Goldstone bosons, the remainders are proportional to the vacuum expectation
value and is then invariant under the subgroup H: This is true only for scalar
elds in the vector representation in O (n) or SU (n) groups and is not true for
scalars in more general representation. In more general cases, we can separate
out the Goldstone bosons by writing  (x) as




























































To see how the Goldstone bosons transform under the axial transformation, we




































To understand this equation better, we rst take the innitesimal transforma-
tion, j
 !










































+    (95)






















+   








 +    (96)
Thus there is a inhomogeneous term in the transformation law for the Goldstone
bosons
!
 and this is why Goldstone bosons have derivative coupling.






is linear and simple, it is easier
to construct the chirally invariant interaction in terms of U rather than : It
is easy to see that the only invariants without derivatives will involve trace of
some powers of UU
y
;which is just an identity matrix. (This also implies that
the Goldstone boson coupling will involve derivatives). Thus the interaction
with lowest numbers of derivative is of the form






Covariant derivative: The parity symmetry in the -model is responsible for
getting the simple combination U (x) which transforms linearly. For the more
general case where there is no such simplication, to construct invariant terms
involving derivatives is quite complicate because the non-linear transformation
law will involve Golstone boson elds which are space-time dependent. This
means that we need to construct the covariant derivatives. Futhermore, to
exhibit the low energy explicitly we need to couple Golstone eld with derivative
to other matter elds. We will now discuss briey in the simple case of -model.
Write the scalar elds  (x) in the form,


















= (x) (x) (98)






:As before under the action of group element g; we have
g (x) = 
0





















This means that  transforms non-linearly because
!
 in h depend on  elds.


















































































































This means that v

transforms like "gauge eld", while a

transforms as global
adjoint eld. Therefore v

can be used to construct the covariant derivative and
a

is like a global axial vector eld.
21
















Thus to couple nucleon elds to the Goldstone bosons, we could write down the

















However, this is not of the form of derivative coupling which exhibits the low
energy theorem explicitly. For this purpose and general non-linear realization,



























































N transforms according to the representation of the subgroup H but with







: Then from the transfor-






















which will yield the low energy theorem explicitly.
IV. Examples in the Non-relativistic System
In the frame work of relativistic eld theory, e.g. in SU (2)  SU (2) -
model, spontaneous symmetry breaking seems to be put in by hand, i.e. setting
the quadratic terms to have negative sign in the scalar potential in order to
develope vacuum expectation value. This is rather ad hoc and no physical
reason is given for why this is the case. We will now discuss some simple non-
relativistic examples of spontaneous symmetry breaking in order to shed some
light on this (
18
).
A. Innite range Ising model






















= 1; J is the coupling constant for spin-spin interaction and B is
the external magnetic eld. In this Hamiltonian, for calculational simplicity we
allow every spin to interact with every other spin, while more realistic situation
will be the short range nearest neighbor interaction. But the interest here is
to see how the spontaneous symmetry breaking come about and we will ignore











































































































+ N log [2 cosh  (Jx+B)]

(109)















If S 6= 0 in the limit the external eld vanishes, B ! 0, then we have sponta-
neous symmetry breaking. Since we are interested in the case where N is very

















log [2 cosh  (Jx+B)] (112)
The minimum of f (x) is given by
f
0
























is the smallest of these solutions, it will dominate the partition











where we have used the equation satised by x
0
:Thus the minimumof f (x) will
correspond to the average magnetization.
To study spontaneous symmetry breaking, we set B = 0; in Eq(113), and
get
x = tanh Jx (116)
It turns out that this equation has only the trivial solution, x = 0 if J < 1
and non-trivial solution exists only for J > 1: To understand this feature, we





































+   
Thus J > 1 corresponds to negative quadratic term, which is the familiar situ-
ation in the scalar potential in the -model and the like. In terms of temperature
this condition, we have
J > kT: (118)
Here J is the coupling which wants to align the spins in the same direction while
the eect of temperature is to randomize spins. Thus the condition in Eq(118)
simply means that the interaction of spins has to overcome the thermalization in






called the critical temperature and spontaneous symmetry breaking is possible
only for T < T
c





: and originates from the competition between spin-spin
interaction which aligns the spin and the thermalization which tends to destroy
the alignment.
Remarks:(1)From the partition function in Eq(114) we see that the probability
to nd the system to have x
i















is the absolute minimum for f (x) , then in the thermodynamic limit
N ! 1; we have P (x
0





(2)For the case T is near T
c
;the minimum of f (x) is located at small values of























+    (120)






























This means that near the critical temperature T ! T
0
;the dependence of average
magnetization on (T   T
0
) is non-analytic. This is a typical behavior of physical




provides a simple example of Goldstone excitation where
the excitation energy, " (k) goes to zero when the wave number k ! 0: The
helium atoms are tightly bounded and the long-distance attractive force between
atoms are very weak while the short distance is strongly repulsive. Thus a
























(y) v (x  y) (x) (y) (122)
Here v (x) is the potential describes the eective interaction between helium
atoms and  (x) is the eld operator for the helium atom and satises the
commutation relation,
h







We will assume that the system is in a large box of volume 
 with periodical
boundary condition. Clearly, this Hamiltonian is invariant under the transfor-
mation,





This is just a U (1) symmetry which says that the number of He atoms is con-








with the commutation relations,



































































































































In these two equations and there after we have, for notational simplicity, ne-
glected the vector symbol for the wave vectors k
0
i




( k) : For the trivial case where there is no interaction, v (x) = 0; the

















j0 > where a
k
j0 >= 0 8k (130)
It is clear that if the interaction is small enough, in the ground state and low-
lying excited states, most of the particles will be in the
!
k













: We are interested in the cases where N; the total number of
particles, is very large. Thus n
0
~N is very large. From the properties of the






















+ 1 > (132)













+ 1: Thus in the limit n
0


















































= 0 for k 6= 0:
26































; k 6= 0; in the interaction will be of order n
0
and those of quartic
term is of order 1. Therefore we can make the approximation that neglect the












































































































































Note that this Hamiltonian does not conserve the particle number but it con-
serves the momentum because the removal of k = 0 mode eects the particle
number but not the momentum. Since this Hamiltonian contains only quadratic






























is an arbitrary parameter at our disposal. We now write the Hamil-


























and choose the parameter 
k











































































































The quai-particle energy excitation has the property that
"
k
! 0; as k! 0 (147)
which is just the Goldstone excitation. Clearly, the ground state j	
0
> is the






>= 0 8 k (148)

















   j	
0
> (149)
It is straightforward to show that the quasi particle ground state can be written





































This shows that the quasi particle ground state is a complicate combination of
the vacuum, 2 particle states, 4 particle states,  etc. To elucidate the Goldstone






























>= 0; for k 6= 0;from the momen-
tum conservation. From the commutation relation in Eq( 125) we see that this
is the symmetry breaking condition which implies that
Qj	
0
> 6= 0: (153)
The quasi particle excitation which has the property that its energy "
k
goes to
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